A pure multipartite quantum state is called absolutely maximally entangled (AME), if all reductions obtained by tracing out at least half of its parties are maximally mixed. However, the existence of such states is in many cases unclear. With the help of the weight enumerator machinery known from quantum error correcting codes and the generalized shadow inequalities, we obtain new bounds on the existence of AME states in higher dimensions. To complete the treatment on the weight enumerator machinery, the quantum MacWilliams identity is derived in the Bloch representation.
I. INTRODUCTION
uantum states of many particles show interesting non-classical features, foremost the one of entanglement. A pure state of n parties is called absolutely maximally entangled (AME), if all reductions to n 2 parties are maximally mixed. Then maximal possible entanglement is present across each bipartition. As an example, consider Bell and GHZ states on two and three parties respectively. It is then a natural question to ask for what number of parties and local dimensions such states may exist.
The existence of AME states composed of two-level systems was recently solved: Qubit AME states do only exist for n = 2, 3, 5, and 6 parties, all of which can be expressed as graph or stabilizer states [1, 2] . In this article, we give results on the question of AME state existence when the local dimension is three or higher. Namely, we show that, additionally to the known non-existence bounds, three-level AME states of n = 8, 12, 13, 14, 16, 17, 19, 21, 23 , four-level AME states of n = 12, 16, 20, 24, 25, 26, 28, 29, 30, 33, 37, 39 , and fivelevel AME states of n = 28, 32, 36, 40, 44, 48 parties do not exist.
To this end, we make use of the weight enumerator machinery known from quantum error correcting codes (QECC). With it, bounds can also be obtained for onedimensional codes, which are pure quantum states [1] . We will make use of the so-called shadow enumerator to exclude the existence of the above-mentioned AME states. Along the way, we will prove a central theorem, the quantum MacWilliams identity, originally derived by Shor and Laflamme for qubits [4] and by Rains for arbitrary finite-dimensional systems in Ref. [3] .
Thus our aim is twofold: On the one hand, we provide an accessible introduction into the weight enumerator machinery in terms of the Bloch representation, in order to gain physical intuition. On the other hand, we apply this machinery to exclude the existence of certain higher-dimensional AME states by making use of the socalled shadow enumerator.
This article is organized as follows. In the next section, we introduce the shadow inequalities, from which we eventually obtain the bounds mentioned above. In Sec. III, the Bloch representation of quantum states is introduced, followed by a short discussion of QECC and their relation to AME states in Sec. IV. In Sec. V, we introduce the shadow enumerator, the Shor-Laflamme enumerators are explained in Sec. VI, followed by the derivation of the quantum MacWilliams identity in Sec. VII. The shadow enumerator in terms of the Shor-Laflamme enumerator is derived in Sec. VIII, from which one can obtain bounds on the existence of QECC and of AME states in particular, which is presented in Sec. IX. We conclude in Sec. X.
II. MOTIVATION
Originally introduced by Shor and Laflamme [4] , Rains established the notion of weight enumerators in a series of landmark articles on quantum error correcting codes [3, 5, 6] . With it, he stated some of the strongest bounds known to date on the existence of QECC [5] .
In particular, in his paper on polynomial invariants of quantum codes [6] , Rains showed an interesting theorem, which proved to be crucial to obtain those bounds. These are the so-called generalized shadow inequalities: Given two positive semi-definite Hermitian operators M and N on parties (1 . . . n) and a fixed subset T ⊆ {1 . . . n}, it holds that
Here and in what follows, S c denotes the complement of subsystem S in {1 . . . n}. Note that if M = N = ρ is a quantum state, the generalized shadow inequalities are consistency equations involving the purities of the marginals, i.e. they relate terms of the form Tr[Tr S c (ρ) 2 ], which in turn can be expressed in terms of linear entropies. Thus, these inequalities form an exponentially large set of monogamy relations for multipartite quantum states, applicable to any number of parties and local dimensions.
In order to state bounds on the existence of AME states of n parties having local dimension D each, one could in principle just evaluate this expression by inserting the purities of AME state reductions.
However, in order to understand the connections to methods from quantum error correcting codes, let us first recall the quantum weight enumerator machinery, including the so-called shadow enumerator, which is derived from Eq. (1). We will then rederive the central theorem, namely the quantum MacWilliams identity. Finally, we obtain new bounds for AME states with the help of the shadow inequalities. In order to remain in a language close to physics, we will work exclusively in the Bloch representation.
III. THE BLOCH REPRESENTATION
Let us introduce the Bloch representation. Denote by {e j } an orthonormal basis for operators acting on C D , such that Tr(e † j e k ) = δ jk D. We require that {e j } contains the identity (e.g. e 0 = 1), and therefore all other basis elements are traceless (but not necessarily Hermitian). Then, a local error-basis E acting on (C D ) ⊗n can be formed by taking tensor products of elements in {e j }. That is, each element E α ∈ E can be written as
Because the single-party basis {e j } is orthonormal, the relation Tr(E † α E β ) = δ αβ D n follows. For qubits, E can be thought of to contain all tensor products of the Pauli matrices σ 0 , σ 1 , σ 2 , σ 3 ; in higher dimensions, a tensor-product basis can be formed from elements of the Heisenberg-Weyl or the generalized Gell-Mann basis [7] . Further, denote by supp(E) the support of operator E, that is, the set of parties on which E acts non-trivially. The weight of an operator is then size of its support, and we write wt(E) = | supp(E)|.
Then, every operator on n parties having D levels each can be decomposed in the Bloch representation as
As in the above decomposition, we will often omit the subindex α, writing E for E α . Also, most equations that follow contain sums over all elements E in E, subject to constraints. In those cases we will often denote the constraints only below the summation symbol.
Given an operator M expanded as in Eq. (3), its reduction onto subsystem S c tensored by the identity on the complement S reads
This follows from Tr S (E) = 0 whenever supp(E) ⊆ S c . Interestingly, this can also be written in terms of a quantum channel, whose Kraus operators also form a unitary 1-design [8] .
Observation 1. The partial trace over subsystem S tensored by the identity on S can also be written as a channel,
The proof can be found in Appendix A.
IV. QUANTUM ERROR CORRECTING CODES
Let us introduce quantum error correcting codes and their relation to absolutely maximally entangled states. A quantum error correcting code with the parameters
⊗n , such that for any orthonormal basis {|i Q } of Q and all errors E ∈ E with wt(E) < d [1, 9] ,
Above, d is called the distance of the code. If C(E) = Tr(E)/D n , the code is called pure. By convention, codes with K = 1 are only considered codes if they are pure.
From the definition follows that a one-dimensional code, described by a projector |ψ ψ|, must fulfill Tr(E|ψ ψ|) = 0 for all E = 1 of weight smaller than d. Thus, pure one-dimensional codes of distance d are pure quantum states whose reductions onto (d − 1) parties are all maximally mixed. AME states, whose reductions onto n 2 parties are maximally mixed, are QECC having the parameters ((n, 1,
V. THE SHADOW ENUMERATOR
Let us introduce the shadow enumerator, and point out its usefulness. Following Rains [3] , we define
Naturally, A S = B S c . With this, we define
where the sum is over all T ⊆ {1 . . . n} of size j. Eq. (1) states that all S j must be non-negative. Note however, that there is the term T c instead of T in the exponent, compared to Eq. (1), but this does not matter, as Eq. (1) holds for any T .
The shadow enumerator then is the polynomial
The question remains: Given a hypothetical QECC or an AME state in particular, how do we obtain its shadow enumerator in order to check for the non-negativity of its coefficients? Two paths come to mind: First, if we are interested in one-dimensional codes (K = 1), the purities of the reductions determine all A S (Q). For AME states of local dimension D, the situation is particularly simple: from the Schmidt decomposition, it can be seen that all reductions to k parties must have the purity
Second, the coefficients of the so called Shor-Laflamme enumerator A j (Q) may be known (see also below), from which the shadow enumerator can be obtained. Generally, when dealing with codes whose existence is unknown, putative weight enumerators can often be obtained by stating the relations that follow as a linear program [1, 10, 11] . If, for a set of parameters ((n, K, d)) D , no solution can be found, a corresponding QECC cannot exist.
In the following three sections, we aim to give a concise introduction as well as intuition to this enumerator theory.
VI. SHOR-LAFLAMME ENUMERATORS
In this section, we introduce the protagonists of the enumerator machinery, the Shor-Laflamme (weight) enumerators [3, 4] . These are defined for any two given Hermitian operators M and N acting on (C D ) ⊗n , and are local unitary invariants. Their (unnormalized) coefficients are given by [12] 
The corresponding enumerator polynomials are
While it might not be obvious from the definition, these enumerators are independent of the local error-basis E chosen, and are thus local unitary invariants. This follows from the fact that they can expressed as linear combinations of terms having the form of Eq. (7). The exact relation will be made clear in Section VII. When dealing with weight enumerators, there is the following pattern, as seen above: First define a set of coefficients [e.g, A j (M, N )], from which the associated polynomial, the enumerator, is constructed [e.g., A M N (x, y)]. If M = N , we will often write the first argument only, e.g. A j (M ), or leave it out alltogether. In Table I , we give an overview of the coefficients and enumerators used in this article.
Considering a QECC with parameters ((n, K, d)) D , one sets M = N to be equal to the projector Q onto the code space. The following results concerning QECC and their Shor-Laflamme enumerators are known [3] : The coefficients A j = A j (Q) and B j = B j (Q) are non-negative, and
with equality in the second equation for j < d. In fact, these conditions are not only necessary but also sufficient for a projector Q to be a QECC (see Appendix B.). The distance of a code can thus be obtained in the following way: if a projector Q fulfils the above conditions with equality for all j < d, then Q is a quantum code of distance d [13] . For pure codes, additionally A j = B j = 0 for all 1 < j < d. In particular, AME states have A j = 0 for all 1 < j < n 2 +1; the remaining A j can be obtained in an iterative way from Eq. (11) [1, 2] .
In the case of Q = |ψ ψ|, the weight enumerators have a particularly simple interpretation: The coefficient A j measures the contribution to the purity of |ψ ψ| by terms in |ψ ψ| having weight j only, while the dual enumerator measures the overlap of |ψ ψ| with itself, given an error-sphere of radius j. Furthermore, we have A j = B j for all j, as a direct evaluation shows.
In the entanglement literature, A j (ρ) is also called the correlation strength, or the two-norm of the j-body correlation tensor [14, 15] . Concerning codes known as stabilizer codes, A j and B j count elements of weight j in the stabilizer and in its normalizer respectively [16] .
Let us now try to give some intuition for these enumerators for general Hermitian operators M and N . Note that the coefficients of the primary enumerator A j (M, N ) form a decomposition of the inner product Tr(M N ). This can be seen by writing M and N in the Bloch representation [Eq. (3)],
Coefficient Enumerator
Shor-Laflamme enum's:
Rain's unitary enum's: On the other hand, the coefficients of the dual enumerator B j (M, N ) can be seen as a decomposition of Tr(M ) Tr(N ). To see this, recall that by definition of the partial trace,
As shown in Observation 1, the partial trace over parties in S tensored by the identity on S can also be written as a quantum channel,
Thus
The insight gained from writing the partial trace in two different ways, and the decomposition of Tr(M N ) and Tr(M ) Tr(N ) in terms of the coefficients of the ShorLaflamme enumerators will prove to be the essence of the MacWilliams identity, which we rederive in the following section.
VII. THE QUANTUM MACWILLIAMS IDENTITY
In this section, we prove the quantum MacWilliams identity. It relates the two Shor-Laflamme enumerators A M N (x, y) and B M N (x, y) for arbitrary Hermitian operators M and N .
Theorem 2 (Rains [3, 10] ). Given two Hermitian operators M and N acting on n systems having D levels each, following holds:
Proof. In order to prove this identity, one has to express the trace inner product of reductions in two different ways: given the operator M expanded as in Eq. (3), its reduction tensored by the identity reads [cf. Eq. (4)]
Therefore,
Summing over all subsystems S of size m, one obtains
Above, the binomial factors account for multiple occurences of terms having weight j in the sum. Note that Eq. (25) forms the coefficients of Rains' unitary enumerator [cf. (7)] [3] , defined as
On the other hand, by expressing the partial trace as a quantum channel (see Obs. 1) and again summing over subsystems of size m, we can write
Similar to above, Eq. (27) forms the coefficients of the unitary enumerator [cf. Eq. (7)]
Naturally, the corresponding unitary enumerator polynomials read
Using relations (25) and (27), one can establish with the help of generating functions that
This is somewhat tedious but straightforward (see Appendix C). It remains to use that B S (M, N ) = A S c (M, N ), from which follows that B k (M, N ) = A n−k (M, N ), and
Thus the quantum MacWilliams identity is established,
This ends the proof.
For M = N = |ψ ψ|, A j (|ψ ) = B j (|ψ ). Therefore the enumerator must stay invariant under the transform
In this case, a much simpler interpretation of the MacWilliams identity can be given: It ensures that the purities of complementary reductions, averaged over all complementary reductions of fixed sizes, are equal. As shown above, the quantum MacWilliams identity is in essence a decomposition of the trace inner product of reductions of operators M and N in two different ways. The motivation lies in the decomposition of Tr(M N ) and Tr(M ) Tr(N ), using different ways to obtain the partial trace in the Bloch picture [cf. Eqs. (4) and Obs. 1]. Finally, note that the derivation of the identity did not require M, N to be positive semi-definite. Therefore the quantum MacWilliams identity holds for all, including non-positive, pairs of Hermitian operators.
VIII. THE SHADOW ENUMERATOR IN TERMS OF THE SHOR-LAFLAMME ENUMERATOR
So far, we have introduced the Shor-Laflamme and the shadow enumerator. Let us now see how to express one in terms of the other. The strategy is the following: the shadow inequalities are naturally expressed in terms of A S [cf. Eqs. (1) and (9)], which we then write as a transformation of A M N (x, y). A M N (x, y) , the shadow enumerator is given by
Theorem 3 (Rains [17]). Given
Proof. Recall from Eq. (9) , that for Hermitian operators M, N ≥ 0, the coefficients of the shadow enumerator are
As a first step, let us understand what combinatorial factor a given A S (M, N ) receives from the sum over the subsets T ⊆ {1 . . . n} of size j, or subsets T c of size m = n − j respectively. For a fixed subsystem S of size k, we can evaluate the partial sum
By considering what possible subsets T c of size m have a constant overlap of size α with S, yielding a sign (−1) α , we obtain the expression α with S. Necessarily, T c must then have a part of size m − α lying outside of S; there are n−k m−α ways to obtain this. This is illustrated in Fig. 1 .
Therefore, one obtains
Again, one can write this relation in a more compact form in terms of the unitary enumerator (see Appendix E),
To obtain the shadow enumerator in terms of the ShorLaflamme enumerator, we take advantage of Eq. (31). Then
Thus, given the Shor-Laflamme enumerator, one can obtain the shadow enumerator simply by a transform. If any of its coefficients are negative, a corresponding QECC cannot exist.
IX. NEW BOUNDS ON ABSOLUTELY MAXIMALLY ENTANGLED STATES
In this last section, let us return to the question of the existence of absolutely maximally entangled (AME) states. Scott showed in Ref. [1] that a necessary requirement for an AME state of n parties having D levels each to exist, is
We explain now how this bound was obtained by requiring the positivity of the Shor-Laflamme enumerator A n 2 +2 . Recall that complementary reductions of pure states share the same spectrum and therefore also the same purity. Thus if |φ n,D is a putative AME state of n parties having D levels each, then the coefficients of the unitary enumerator as defined in Eq. (26) are given by
Considering the unitary enumerator coefficient A n 2 +2 , only the terms A 0 = 1, A n 2 +1 , and A n 2 +2 contribute, with appropriate combinatorial prefactors. From Eq. (25) [or from the transform in Eq. (31)], one obtains
The term A n 2 +1 in above equation is fixed by the knowledge of A n 2 +1 ,
Combining Eqs. (44), (45) ] , which relates the shadow enumerator to the unitary enumerator. If any coefficient S j (|φ n,D ) happens to be negative, a AME state on n parties having D levels each cannot exist. We should mention that one could also evaluate Eq. (1) directly, for a suitable choice of T ⊆ {1 . . . n}. To give an example, consider a putative AME state on four qubits, whose non-existence proven by Ref. [18] . Then
in contradiction to the requirement that all S j be nonnegative.
In Fig. 2 , the parameters of hypothetical AME states are shown: In dark blue, AME states which are already excluded by the bound from Scott are marked; in light blue, those AME states for which the negativity of the shadow enumerator coefficients S j (|φ n,D ) gives stronger bounds. For Fig. 2 , all shadow coefficients of hypothetical AME states with local dimension D ≤ 9 and n not violating the Scott bound have been evaluated. We conclude, that additionally to the known non-existence bounds, three-level AME states of n = 8, 12, 13, 14, 16, 17, 19, 21, 23 , four-level AME states of n = 12, 16, 20, 24, 25, 26, 28, 29, 30, 33, 37, 39 , and fivelevel AME states of n = 28, 32, 36, 40, 44, 48 parties do not exist. In dark blue, AME states which are already excluded by the bound from Scott are marked; in light blue, those AME states for which the negativity of the shadow enumerator coefficients Sj(|φn,D ) gives stronger bounds. The non-existence of an AME state having parameters n = 4 and D = 2 is already known [18] .
X. CONCLUSION
Using the quantum weight enumerator machinery originally derived by Shor, Laflamme and Rains, we obtained bounds on the existence of absolutely maximally entangled states in higher dimensions. For this, we used the socalled shadow inequalities, which constrain the possible correlations arising from quantum states. Additionally, we provided a proof of the quantum MacWilliams transform in the Bloch representation, clarifying its physical interpretation.
For future work, it would be interesting to see what the generalised shadow inequalities involving higher-order invariants [6] imply for the distribution of correlations in QECC and multipartite quantum states.
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We thank Markus Grassl, Marco Piani, Ingo Roth, and Nikolai Wyderka for fruitful discussions. FH thanks Markus Grassl for introducing him to the theory of QECC. Let us proof Obs. (1) . The partial trace can also be written as Observation I. The partial trace over subsystem S tensored by the identity on S can also be written as a channel,
Proof. Consider a bipartite system with Hilbert space |jk kj| .
Thus, it acts on pure states as SWAP(|ψ ⊗ |φ ) = |φ ⊗ |ψ .
It can also be expressed in terms of any orthonormal basis {e j } as [19] 
Therefore we can express 1 ⊗ N as The Krawtchouk (also Kravchuk) polynomials are, for n, k ∈ N 0 and n − k ≥ 0, defined as [21]
If m < 0, K m (k; n) = 0. The generating function of the Krawtchouk polynomial is
In this work, we need a closely related expression, m K m (k; n)x n−m y m = (x + y) n−k (x − y) k .
That above equation holds, can be seen in the following way. 
where we set m = α + β in the third line. Of course, setting x = 1 recovers Eq. (66). Let us now transform the shadow enumerator into the unitary enumerator. 
Above, the second last equality follows from Eq. (67).
